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SET STAR VERSIONS OF LINDELO¨F SPACES
SUMIT SINGH
Abstract. A space X is said to be set star-Lindelo¨f (resp., set strongly star-
Lindelo¨f) if for each nonempty subset A of X and each collection U of open sets
in X such that A ⊂ ⋃U , there is a countable subset V of U (resp., countable
subset F of X) such that A ⊂ St(⋃V,U) (resp., A ⊂ St(F,U)). The class of
set star-Lindelo¨f and set strongly star-Lindelo¨f spaces lie between Lindelo¨f and
star-Lindelo¨f spaces. In this paper, we investigated the relationship among set
star-Lindelo¨f spaces, set strongly star-Lindelo¨f spaces and other related spaces
and studied the topological properties of set star-Lindelo¨f spaces. Some open
problems are posed.
1. Introduction and Preliminaries
In [1], Arhangel’skii defined a cardinal function sL, and spaces X such that
sL(X) = ω we call sLindelo¨f: a space X is sLindelo¨f if for each subset A of X
and each open cover U of A by sets open in X there is a countable set V ⊂ U
such that A ⊂ ⋃V. Following this idea, Kocˇinac and Konca [6] introduced and
studied the new types of selective covering properties called set-covering properties.
A space X is said have the set-Menger [6] property if for each nonempty subset A
of X and each sequence (Un : n ∈ N) of sets open in X such that for each n ∈ N,
A ⊂ ⋃Un, there is a sequence (Vn : n ∈ N) such that for each n ∈ N, Vn is a finite
subset of Un and A ⊂
⋃
n∈N
⋃Vn. Later on, Singh [10] and Kocˇinac [7] noticed that
the set-Menger property is nothing but another view of Menger covering property.
Recently, Kocˇinac, Konca and Singh [11] recently defined set star-compact and set
strongly star-compact spaces.
In this paper, we introduced the set star-Lindelo¨f and set strongly star-Lindelo¨f
spaces. We investigated the relationship among set star-Lindelo¨f spaces, set strongly
star-Lindelo¨f spaces and other related spaces and studied the topological properties
of set star-Lindelo¨f and set strongly star-Lindelo¨f spaces.
If A is a subset of a space X and U is a collection of subsets of X and then
St(A,U)=⋃{U ∈ U : U ∩A 6= ∅}.
We usually write St(x,U) = St({x},U).
Throughout the paper the following assumptions are considered:
(1) By “a space” we mean “a topological space”.
(2) N, R and Q denotes the set of natural numbers, set of real number and set
of rational numbers respectively.
(3) An open cover U of a subset A ⊂ X means elements of U open in X such
that A ⊂ ⋃U = ⋃{U : U ∈ U}.
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2 SUMIT SINGH
We first recall the classical notions of spaces which are used in this paper.
Definition 1.1. [4] A space X is said to be
(1) starcompact if for each open cover U of X, there is a finite subset V of U
such that X = St(
⋃V,U).
(2) strongly starcompact if for each open cover U of X, there is a finite subset
F of X such that X = St(F,U).
Definition 1.2. [11] A space X is said to be
(1) set starcompact if for each nonempty subset A of X and each collection U
of open sets in X such that A ⊂ ⋃U , there is a finite subset V of U such
that A = St(
⋃V,U)⋂A.
(2) set strongly starcompact if for each nonempty subset A of X and for each
collection U of open sets in X such that A ⊂ ⋃U , there is a finite subset F
of X such that A = St(F,U)⋂A.
Definition 1.3. A space X is said to be
(1) star-Lindelo¨f [4] if for each open cover U of X, there is a countable subset
V of U such that X = St(⋃V,U).
(2) strongly star-Lindelo¨f [4] if for each open cover U of X, there is a countable
subset F of X such that X = St(F,U).
Note that the star-Lindelo¨f spaces have different name such as 1-star-Lindelo¨f
and 1 12 -star-Lindelo¨f in different papers (see [4, 8]) and the strongly star-Lindelo¨f
space is also called star countable in [8, 15]. Now in a similar way, we define the
following:
Definition 1.4. A space X is said to be
(1) set star-Lindelo¨f if for each nonempty subset A of X and each collection U
of open sets in X such that A ⊂ ⋃U , there is a countable subset V of U
such that A ⊂ St(⋃V,U).
(2) set strongly star-Lindelo¨f if for each nonempty subset A of X and for each
collection U of open sets in X such that A ⊂ ⋃U , there is a countable subset
F of X such that A ⊂ St(F,U).
We have the following diagram from the definitions and Theorem 2.2. However,
the converse of implications may not be true as shown by examples in Section-2.
Recall that a collection A ⊂ P (ω) is said to be almost disjoint if each set A ∈ A
is infinite and the sets A
⋂
B are finite for all distinct elements A,B ∈ A. For
an almost disjoint family A, put ψ(A) = A⋃ω and topologize ψ(A) as follows:
for each element A ∈ A and each finite set F ⊂ ω, {A}⋃(A \ F ) is a basic open
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neighborhood of A and the natural numbers are isolated. The spaces of this type
are called Isbell-Mro´wka ψ-spaces [2, 9] or ψ(A) space.
Throughout the paper, the cardinality of a set is denoted by |A|. Let ω denote
the first infinite cardinal, ω1 the first uncountable cardinal, c the cardinality of the
set of all real numbers. For a cardinal κ, let κ+ be the smallest cardinal greater than
κ. For each pair of ordinals α, β with α < β, we write [α, β) = {γ : α ≤ γ < β},
(α, β] = {γ : α < γ ≤ β}, (α, β) = {γ : α < γ < β}, [α, β] = {γ : α ≤ γ ≤ β}. As
usual, a cardinal is an initial ordinal and an ordinal is the set of smaller ordinals.
A cardinal is often viewed as a space with the usual order topology. Other terms
and symbols follow [5].
A set A of X is said to be regular open if A = IntXClX(A). A subset B is
said to be regular closed if its complement is regular open or equivalently B =
ClXIntX(B).
The following result was proved in [11].
Theorem 1.5. [11] Every countably compact space is set strongly starcompact.
Proof. Let X be a countably compact space which is not set strongly starcompact.
Then there is a nonempty subset A of X such that for each open cover U of A and
for each finite subset B ⊂ X, A 6= St(B,U)⋂A. Pick any x0 ∈ A and, inductively,
pick xn ∈ A \ (St({x0, x1, ..., xn−1},U)
⋂
A) for n > 0. Let C = {xn : n ∈ N} and
V = {St(xn,U) : n ∈ N}. Note that, every member of V contains precisely one
element of C. Consequently, no finite subset of V will cover C. If y ∈ C ⊂ A, pick
some open set U ∈ U such that y ∈ U . Thus U ⋂C 6= ∅, hence y ∈ St(xn,U) for
some n ∈ N. Therefore V is a countable set of C by sets open in X. Since X is
countably compact, thus C is countably compact. Therefore there exists a finite
subset of V which cover C and hence C, a contradiction. 
2. set star-Lindelo¨f and related spaces
In this section, we give some examples showing that the relationship between set
star-Lindelo¨f spaces and other related spaces. Some of these examples are known in
the star selection principle theory and we discover some their additional properties.
The following example shows that the implications (set starcompact ⇒ set star-
Lindelo¨f and set strongly starcompact⇒ set strongly star-Lindelo¨f) in the diagram
are not reversible.
Example 2.1. There exists Tychonoff set strongly star-Lindelo¨f (hence, set star-
Lindelo¨f) space which is not set starcompact (hence, not set strongly starcompact).
Proof. Let X = ω be the discrete space. Then X is set strongly star-Lindelo¨f but
not set starcompact space. 
Theorem 2.2. For a space X, the following statements are holds:
(1) If X is a Lindelo¨f space, then X is set strongly star-Lindelo¨f.
(2) If X is a separable space, then X is set strongly star-Lindelo¨f.
(3) If X is a countably compact space, then X is set strongly star-Lindelo¨f.
Proof. (1). Let A ⊂ X be a nonempty set and U be a collection of open sets
such that A ⊂ ⋃U . Since space X is Lindelo¨f, closed subset A of X is also
Lindelo¨f. Thus there exists a countable subset V of U such that A ⊂ A ⊂ ⋃V. Let
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F = {x ∈ V : V ∈ V}. Then F is a countable subset of X and A ⊂ ⋃V ⊂ St(F,U).
Therefore X is set strongly star-Lindelo¨f.
(2). Let A ⊂ X be a nonempty set and U be a collection of open sets such that
A ⊂ ⋃U . Let B be a countable dense subset of X. Then it can easily verify that
A ⊂ St(B,U). Therefore X is set strongly star-Lindelo¨f.
(3). Since every set strongly starcompact space is set strongly star-Lindelo¨f, by
Theorem 1.5, X is set strongly star-Lindelo¨f. 
The following example shows that the converse of Theorem 2.2(1) and Theorem
2.2(2) are not true. Alternatively, the following example shows that the implication
(Lindelo¨f ⇒ set strongly star-Lindelo¨f) in the diagram is not reversible.
Example 2.3. Let X = [0, ω1). Then X is countably compact space but not Lin-
delo¨f and not separable. Thus X is set strongly star-Lindelo¨f space which is neither
Lindelo¨f and nor separable.
The following example shows that the converse of Theorem 2.2(3) is not true.
Example 2.4. Let Y be a discrete space with cardinality c. Let X = Y ∪ {y∗},
where y∗ /∈ Y . Define topology on X, each y ∈ Y is isolated point and a set U
containing y∗ is open if and only if X \ U is countable. Then X is Lindelo¨f, hence
set strongly star-Lindelo¨f.
Now to show X is not countably compact. Let y∗ ∈ U such that X \ U = {yα :
α < ω}, where yα ∈ Y . Then U is open in X and U = {U}
⋃{yα : α < ω} is a
countable cover of X, which does not have finite subcover. Thus X is not countably
compact.
Bonanzinga-Cammaroto-Kocˇinac-Matveev [3] construed an example showing that
there exists a Tychonoff space X that is not strongly star-Lindelo¨f. We use this
example to showing that there exists a Tychonoff set star-Lindelo¨f space X that
is not set strongly star-Lindelo¨f. However, the following example shows that the
implication (set strongly star-Lindelo¨f ⇒ set star-Lindelo¨f) in the diagram is not
reversible.
Example 2.5. There exists a Tychonoff set star-Lindelo¨f space X that is not set
strongly star-Lindelo¨f.
Proof. Let D(c) = {dα : α < c} be a discrete space of cardinality κ, and let
Y = D(c)
⋃{d∗} be one-point compactification of D(c).
X = (Y × [0, κ+))⋃(D(c)× {κ+})
be the subspace of the product space Y × [0, κ+]. In [3], Bonanzinga et al. shows
that X is not strongly star-Lindelo¨f. Hence X is not set strongly star-Lindelo¨f,
since every set strongly star-Lindelo¨f space is strongly star-Lindelo¨f.
Now it is enough to show that X is set starcompact, since every set starcompact
space is set star-Lindelo¨f. Let A be any nonempty subset of X and U be any open
cover of A. Now there are three possible cases arises.
Case (i): If A ⊂ D(c)× {κ+}. Then for each 〈dα, κ+〉 ∈ A, there exists Uα ∈ U
such that 〈dα, κ+〉 ∈ Uα. For each 〈dα, κ+〉 ∈ A, we can find βα < κ such that
{dα} × (βα, κ+] ⊆ Uα. Let β = sup{βα : 〈dα, κ+〉 ∈ A}. Then β < κ. Let
K = Y × {β + 1}. Then K is compact and Uα
⋂
K 6= ∅ for each α such that
〈dα, κ+〉 ∈ A. Since U
⋃
(X \ A) is an open cover of K, there exists a finite set
U ′ ⊂ U ⋃(X \ A) such that K ⊆ ⋃U ′. Let V ′ = U ′ \ (X \ A). Then V ′ is a finite
subset of U and
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A ⊂ St(⋃V ′,U).
Case (ii): If A ⊂ Y × [0, κ+). Since Y × [0, κ+) is countably compact, hence by
Theorem 1.5, Y × [0, κ+) set starcompact. Thus there exists a finite subset V ′′ ⊂ U
such that
A ⊂ St(⋃V ′′,U).
Case (iii): If B ⊂ D(c) × {κ+}} and C ⊂ Y × [0, κ+) and A = B⋃C. Then
choose V ′ and V ′′ from case (i) and case (ii) respectively, such that
B ⊂ St(⋃V ′,U)
and
C ⊂ St(⋃V ′′,U).
Let V = V ′⋃V ′′. Then V is a finite subset of U and
A ⊂ St(⋃V,U).
Which shows that X is a set starcompact space. 
The following example shows that the implication (set star-Lindelo¨f ⇒ star-
Lindelo¨f) in the diagram is not reversible. We want to mention here that the
following space was considered in several papers for different purposes.
Example 2.6. There exists a Hausdorff star-Lindelo¨f space which is not set star-
Lindelo¨f.
Proof. Let
A = {aα : α < c}, B = {bn : n ∈ ω}
and
Y = {〈aα, bn〉 : α < c, n ∈ ω}.
Let X = Y
⋃
A
⋃{a} where a /∈ Y ⋃A. We topologize X as follows: every point
of Y is isolated, a basic neighborhood of aα ∈ A for each α < c takes of the form
Uaα(n) = {aα}
⋃{〈aα, bm〉 : n < m}
for n ∈ ω and a basic neighborhood of a takes the form
Ua(F ) = {a}
⋃⋃{〈aα, bn〉 : aα ∈ A \ F, n ∈ ω}
for a countable subset F of A. Clearly, X is a Hausdorff space by the construction
of the topology of X. However X is not regular, since the point a can not be
separated from the closed subset A by disjoint open subsets of X. In [[12], Example
2.3], Song proved that X is starcompact, hence star-Lindelo¨f. Now we show that
X is not set star-Lindelo¨f. Consider A = {aα : α < c} a closed discrete subset of
X. For each α < c, let
Uα = {aα}
⋃{〈aα, bn〉 : n ∈ ω}.
Then Uα is open in X by the construction of the topology of X and Uα
⋂
Uα′ = ∅
for α 6= α′. Let U = {Uα : α < c}. Then U is an open cover of A. It is enough to
show that there exists a point aβ ∈ A such that aβ /∈ St(
⋃V,U) for any countable
subset V of U . Let V be any countable subset of U . Since V is countable, then there
exists α′ < c such that Uα /∈ V for each α > α′. Pick β > α′, then Uβ
⋂
(
⋃V) = ∅,
but Uβ is the only element of U containing the point aβ . Thus aβ /∈ St(
⋃V,U),
which shows that X is not set star-Lindelo¨f. 
Remark 2.7. (1). Since every set strongly starcompact space is strongly star-
Lindelo¨f, thus the proof of Example 2.5, shows that there exists a Tychonoff set
starcompact space X that is not set strongly starcompact. So, we have proved that
the the implication (set strongly starcompact ⇒ set starcompact) in the diagram is
not reversible.
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(2). It is known that there are star-Lindelo¨f spaces which is not strongly star-
Lindelo¨f (see [[4], Example 3.2.3.2] and [[4], Example 3.3.1]), so this shows that the
implication (strongly star-Lindelo¨f⇒ star-Lindelo¨f) in the diagram is not reversible.
We dont know the answer of following question.
Problem 2.8. Does there exists a Tychonoff strongly star-Lindelo¨f space which is
not a set strongly star-Lindelo¨f.
The following lemma was proved by Song [13].
Lemma 2.9. [[13], Lemma 2.2] A space X having a dense Lindelo¨f subspace is
star-Lindelo¨f.
The following example shows that the Lemma 2.9, is not true in case of set
star-Lindelo¨f spaces.
Example 2.10. There exists a Tychonoff space X having a dense Lindelo¨f subspace
such that X is not set star-Lindelo¨f.
Proof. Let D(c) = {dα : α < c} be a discrete space of cardinality c and let Y =
D(c) ∪ {d∗} be one-point compactification of D(c). Let
X = (Y × [0, ω)) ∪ (D(c)× {ω})
be the subspace of the product space Y × [0, ω]. Then Y × [0, ω) is a dense
Lindelo¨f subspace of X.
Now we show that X is not set star-Lindelo¨f. Let A = D(c) × {ω}. Then A is
the closed subset of X. For each α < c, let
Uα = {dα} × [0, ω].
Then
Uα ∩ Uα′ = ∅ for α 6= α′.
Let
U = {Uα : α < c}.
Then U is an open cover of A. It is enough to show that there exists a point
〈dβ , ω〉 ∈ A such that 〈dβ , ω〉 /∈ St(
⋃V,U) for any countable subset V of U . Let V
be any countable subset of U . Since V is countable, there exists α′ < c such that
Uα /∈ V for each α > α′. Pick β > α′. Then Uβ
⋂
(
⋃V) = ∅, but Uβ is the only
element of U containing 〈dβ , ω〉. Thus 〈dβ , ω〉 /∈ St(
⋃V,U). Therefore X is not set
star-Lindelo¨f. 
Now we give some conditions under which star-Lindelo¨fness coincide with set
star-Lindelo¨fness and strongly star-Lindelo¨fness coincide with strongly set star-
Lindelo¨fness.
Recall that a space X is paraLindelo¨f if every open cover U of X has a locally
countable open refinement.
Song and Xuan [14] proved the following theorem.
Theorem 2.11. [[14], Theorem 2.24] Every regular paraLindelo¨f star-Lindelo¨f spaces
are Lindelo¨f.
We have following theorem from Theorem 2.11 and the diagram.
Theorem 2.12. If X is a regular paraLindelo¨f space, then the following statements
are equivalent:
(1) X is Lindelo¨f;
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(2) X is set strongly star-Lindelo¨f;
(3) X is set star-Lindelo¨f;
(4) X is strongly star-Lindelo¨f;
(5) X is star-Lindelo¨f.
A space is said to be metaLindelo¨f if every open cover of it has a point-countable
open refinement.
Xuan and Shi [15] proved the following result.
Theorem 2.13. [[15], Proposition 3.12] Every strongly star-Lindelo¨f metaLindelo¨f
spaces are Lindelo¨f.
We have following theorem from Theorem 2.13 and from the diagram.
Theorem 2.14. If X is a metaLindelo¨f space, then the following statements are
equivalent:
(1) X is Lindelo¨f;
(2) X is set strongly star-Lindelo¨f;
(3) X is strongly star-Lindelo¨f.
3. Properties of set star-Lindelo¨f spaces
In this section, we study the topological properties of set star-Lindelo¨f and set
strongly star-Lindelo¨f spaces.
3.1. Subspaces. In this subsection, we study about the subspaces of set star-
Lindelo¨f and set strongly star-Lindelo¨f spaces.
The following example shows that closed subspace of set star-Lindelo¨f (resp.,
set strongly star-Lindelo¨f) space is not set star-Lindelo¨f (resp., not set strongly
star-Lindelo¨f).
Example 3.1. There exists a Tychonoff pseudocompact set strongly star-Lindelo¨f
(hence, set star-Lindelo¨f) space having closed subset which is not set star-Lindelo¨f
(hence, not set strongly star-Lindelo¨f).
Proof. Let X = A ∪ ω be the Isbell-Mro´wka space with |A| = c, where A is a
maximal almost disjoint family of infinite subsets of ω. Then X is a Tychonoff
pseudocompact space. Since ω is a countable dense subset of X, thus by Theorem
2.2(2), X is set strongly star-Lindelo¨f. On the other hand, A is a closed uncountable
discrete subspace of X, thus A is not set star-Lindelo¨f. 
Now we give an example showing that a regular-closed subset of a Tychonoff
set star-Lindelo¨f (resp., set strongly star-Lindelo¨f) space X need not be set star-
Lindelo¨f (resp., not set strongly star-Lindelo¨f).
Example 3.2. There exists a Tychonoff set strongly star-Lindelo¨f (hence, set star-
Lindelo¨f) space having a regular closed subspace which is not set star-Lindelo¨f
(hence, not set strongly star-Lindelo¨f).
Proof. Let S1 = ω
⋃A be the Isbell-Mro´wka space, where A is a maximal almost
disjoint family of infinite subsets of ω with |A| = c. Then S1 is Tychonoff set
strongly star-Lindelo¨f space.
Let S2 be the same space X of the Example 2.10. Then S2 is a Tychonoff space
which is not set star-Lindelo¨f.
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We assume S1
⋂
S2 = ∅ . Let pi : A → D(c) × {ω} be a bijection and let X be
a quotient image of the disjoint sum S1 ⊕ S2 by identifying A of S1 with pi(A) of
S2 for every A ∈ A. Let φ : S1 ⊕ S2 → X be the quotient map. It is clear that
φ(S2) is a regular-closed subspace of X which is not set star-Lindelo¨f, since it is
homeomorphic to S2.
Finally we show that X is set strongly star-Lindelo¨f. Let B ⊂ φ(S1) and C ⊂
Y × [0, ω) and let A = B⋃C be nonempty set of X and U be an open cover
of A. Since φ(S1) is homeomorphic to S1 and consequently φ(S1) is set strongly
star-Lindelo¨f. Thus there exists a countable set F1 of X such that
B ⊂ St(F1,U).
Since Y × [0, ω) is Lindelo¨f, hence set strongly star-Lindelo¨f. Thus there exists
a countable subset F2 of X such that
C ⊂ St(F2,U).
Put F = F1 ∪ F2. Then F is a countable subset of X such that A ⊂ St(F,U),
which shows that X is set strongly star-Lindelo¨f. 
Now we give positive result.
Theorem 3.3. If X is a set star-Lindelo¨f space, then every open and closed subset
of X is set star-Lindelo¨f.
Proof. Let X be a set star-Lindelo¨f space and A ⊂ X be an open and closed set.
Let B be any subset of A and U be any collection of open sets in (A, τA) such that
ClA(B) ⊂
⋃U . Since A is open, then U is a collection of open sets in X. Since
A is closed, ClA(B) = ClX(B). Applying the set star-Lindelo¨fness property of X,
there exists a countable subset V of U such that B ⊂ St(⋃V,U). Hence A is a set
star-Lindelo¨f. 
In a similar way, we can prove the following.
Theorem 3.4. If X is a set strongly star-Lindelo¨f space, then every open and closed
subset of X is set strongly star-Lindelo¨f.
3.2. Alexandorff duplicate. In this subsection, we study about the Alexandorff
duplicate of set star-Lindelo¨f and set strongly star-Lindelo¨f spaces.
Consider Alexandorff duplicate A(X) = X × {0, 1} of a space X. The basic
neighborhood of a point 〈x, 0〉 ∈ X×{0} is of the form (U×{0})⋃(U×{1}\{〈x, 1〉}),
where U is a neighborhood of x in X and each points 〈x, 1〉 ∈ X × {1} are isolated
points.
Example 3.5. There exists a Tychonoff set strongly star-Lindelo¨f (hence, set star-
Lindelo¨f) space X such that A(X) is not set star-Lindelo¨f (hence, not set strongly
star-Lindelo¨f).
Proof. Let X = A ∪ ω be the Isbell-Mro´wka space with |A| = ω1, where A is a
maximal almost disjoint family of infinite subsets of ω. Then X is a Tychonoff set
strongly star-Lindelo¨f space. However A(X) is not set star-Lindelo¨f. In fact, the
set A×{1} is an open and closed subset of X with |A× {1}| = ω1, and each point
〈a, 1〉 is isolated for each a ∈ A. Hence A(X) is not set star-Lindelo¨f, since every
open and closed subset of a set star-Lindelo¨f space is set star-Lindelo¨f and A×{1}
is not set star-Lindelo¨f. 
Theorem 3.6. If X is a T1-space and A(X) is a set star-Lindelo¨f space. Then
e(X) < ω1.
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Proof. Suppose that e(X) ≥ ω1. Then there exists a discrete closed subset B of
X such that |B| ≥ ω1. Hence B × {1} is an open and closed subset of A(X) and
every point of B × {1} is an isolated point. Thus A(X) is not set star-Lindelo¨f,
by Theorem 3.3, every open and closed subset of a set star-Lindelo¨f space is set
star-Lindelo¨f and B × {1} is not set star-Lindelo¨f. 
Corollary 3.7. If X is a T1-space and A(X) is a set strongly star-Lindelo¨f space.
Then e(X) < ω1.
Theorem 3.8. Let X be a space such that the Alexandorff duplicate A(X) of X is
set star-Lindelo¨f (resp., set strongly star-Lindelo¨f). Then X is a set star-Lindelo¨f
(resp., set strongly star-Lindelo¨f) space.
Proof. Because the proof of two cases are quite similar, we prove only the case of
set star-Lindelo¨f.
Let B be any nonempty subset of X and U be a any open cover of B. Let
C = B × {0} and
A(U) = {U × {0, 1} : U ∈ U}.
Then A(U) is an open covers of C. Since A(X) is set star-Lindelo¨f, there is a
countable subset A(V) of A(Un) such that
C ⊂ St(∪A(V), A(U)).
Let
V = {U ∈ U : U × {0, 1} ∈ A(V)}.
Then V is a countable subset of U . Now we have to show that
B ⊂ St(∪V,U).
It is enough to show that for each x ∈ B,
x ∈ St(∪V,U).
Let x ∈ B. Then 〈x, 0〉 ∈ St(∪A(V), A(U)). Choose U × {0, 1} ∈ A(U) such
that 〈x, 0〉 ∈ U × {0, 1} and U × {0, 1} ∩ ∪A(V) 6= ∅, which implies U ∩ ∪V 6= ∅
and x ∈ U . Therefore x ∈ St(∪V,U). Which shows that X is set star-Lindelo¨f
space. 
We end this subsection by a following question.
Problem 3.9. If X is a set star-Lindelo¨f (resp., set strongly star-Lindelo¨f) space
and e(X) < ω1, then A(X) is set star-Lindelo¨f (resp., set strongly star-Lindelo¨f)?
3.3. Images and preimages. In this subsection, we study about images and
preimages of set star-Lindelo¨f and set strongly star-Lindelo¨f spaces.
On the images of set star-Lindelo¨f spaces, we have following theorem.
Theorem 3.10. A continuous image of an set star-Lindelo¨f space is set star-
Lindelo¨f.
Proof. Let X be a set star-Lindelo¨f space and f : X → Y is a continuous mapping
from X onto Y . Let B be any subset of Y and V be an open cover of B. Let
A = f−1(B). Since f is continuous, U = {f−1(V ) : V ∈ V} is the collection of
open sets in X with A = f−1(B) ⊂ f−1(B) ⊂ f−1(⋃V) = ⋃U . As X is set
star-Lindelo¨f, there exists a countable subset U ′ of U such that
A ⊂ St(⋃U ′,U).
Let V ′ = {V : f−1(V ) ∈ U ′}. Then V ′ is a countable subset of V and B =
f(A) ⊂ f(St(⋃U ′,U)) ⊂ St(⋃ f({f−1(V ) : V ∈ V ′}),V) = St(⋃V ′,V). Thus Y is
set star-Lindelo¨f space. 
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In a similar way, we can prove the following.
Theorem 3.11. A continuous image of an set strongly star-Lindelo¨f space is set
strongly star-Lindelo¨f.
Next we turn to consider preimages. The following example shows that the
preimage of a set star-Lindelo¨f (resp., set strongly star-Lindelo¨f) space under a
closed 2-to-1 continuous map need not to be set star-Lindelo¨f (resp., not set strongly
star-Lindelo¨f).
Example 3.12. There exists a closed 2-to-1 continuous map f : A(X) → X such
that X is a set strongly star-Lindelo¨f (hence, set star-Lindelo¨f) space, but A(X) is
not set star-Lindelo¨f (hence, not set strongly star-Lindelo¨f).
Proof. Let X = A ∪ ω be the Isbell-Mro´wka space with |A| = ω1, where A is a
maximal almost disjoint family of infinite subsets of ω. Then by Example 3.5, X
is set strongly star-Lindelo¨f, but A(X) is not set star-Lindelo¨f. Let f : A(X)→ X
be the projection. Then f is a closed 2-to-1 continuous map. 
Example 3.13. There exists a Tychonoff set strongly star-Lindelo¨f space X and a
compact space Y such that X × Y is not set strongly star-Lindelo¨f.
Proof. Let X = A ∪ ω be the Isbell-Mro´wka space with |A| = c, where A is a
maximal almost disjoint family of infinite subsets of ω. Then X is set strongly
star-Lindelo¨f.
Let D(c) = {dα : α < c} be a discrete space of cardinality c and let Y =
D(c) ∪ {d∗} be the one-point compactification of D(c).
We show that X × Y is not set strongly star-Lindelo¨f. Since |A| = c, we can
enumerate A as {aα : α < c}. Let A = A×D(c) and let
Vα = X × {dα} for each α < c,
and
Wα = ({aα} ∪ ω)× (Y \ {dα}) for each α < c.
Let
U = {Vα : α < c} ∪ {Wα : α < c}.
Then U is a collection of open sets such that A ⊂ ⋃U . It is suffices to show that
for any countable subset C of X × Y , there exists a point 〈rα, dα〉 ∈ A such that
〈rα, dα〉 /∈ St(C,U). Let C be any countable subset of X × Y . Then there exists
α < c such that Vα ∩ C = ∅. But Vα is the only element of U containing 〈rα, dα〉.
Then 〈rα, dα〉 /∈ St(C,U). Thus X × Y is not set strongly star-Lindelo¨f. 
Remark 3.14. The Example 3.13, shows that the preimage of a set strongly star-
Lindelo¨f space under an open perfect map need not be set strongly star-Lindelo¨f.
Now we give a positive result on preimage of set strongly star-Lindelo¨f. We need
a new concept called nearly set strongly star-Lindelo¨f space. A space X is said to
be nearly set strongly star-Lindelo¨f in X if for each subset Y of X and for each
open cover U of X, there is a countable subset F of X such that Y ⊂ St(F,U).
Theorem 3.15. Let f : X → Y be an open, closed and finite-to-one continuous
mapping from a space X onto a set strongly star-Lindelo¨f space Y. Then X is nearly
set strongly star-Lindelo¨f.
Proof. Let A ⊂ X be any nonempty set and U be an open cover of X. Then
B = f(A) is a subset of Y . Let y ∈ B. Then f−1{y} is finite subset of X, thus
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there is a finite subset Uy of U such that f−1{y} ⊂
⋃Uy and U ⋂ f−1{y} 6= ∅ for
each U ∈ Uy. Since f is closed, there exists an open neighborhood Vy of y in Y
such that f−1(Vy) ⊂
⋃{U : U ∈ Uy}. Since f is open, we can assume that
Vy ⊂
⋂{f(U) : U ∈ Uy}.
Then V = {Vy : y ∈ B} is an open cover of B. Since Y is strongly set star-
Lindelo¨f, there exists a countable subset F of Y such that
B ⊂ St(F,V).
Since f is finite-to-one, then f−1(F ) is a countable subset of X. We have to
show that
A ⊂ St(f−1(F ),U).
Let x ∈ A. Then there exists y ∈ B such that f(x) ∈ Vy and Vy
⋂
F 6= ∅. Since
x ∈ f−1(Vy) ⊂
⋃{U : U ∈ Uy},
we can choose U ∈ Uy with x ∈ U . Then Vy ⊂ f(U). Thus U
⋂
f−1(F ) 6= ∅.
Hence x ∈ St(f−1(F ),U). Therefore X is nearly set strongly star-Lindelo¨f. 
Now we give a positive result on preimage of set star-Lindelo¨f. We need a new
concept called nearly set star-Lindelo¨f space. A space X is said to be nearly set
star-Lindelo¨f in X if for each subset Y of X and for each open cover U of X, there
is a countable subset V of U such that Y ⊂ St(⋃V,U).
Theorem 3.16. If f : X → Y is an open and perfect continuous mapping and Y
is a set star-Lindelo¨f space, then X is nearly set star-Lindelo¨f.
Proof. Let A ⊂ X be any nonempty set and U be an open cover of X. Then
B = f(A) is a subset of Y . Let y ∈ B. Then f−1{y} is a compact subset of X,
thus there is a finite subset Uy of U such that f−1{y} ⊂
⋃Uy. Let Uy = ⋃Uy. Then
Vy = Y \f(X\Uy) is an neighborhood of y, since f is closed. Then V = {Vy : y ∈ B}
is an open cover of B. Since Y is set star-Lindelo¨f, there exist a countable subset
V ′ of V such that
B ⊂ St(⋃V ′,V).
Without loss of generality, we may assume that V ′ = {Vyi : i ∈ N ′ ⊂ N}. Let
W = ⋃i∈N ′ Uyi . Since f−1(Vyi) ⊂ ⋃{U : U ∈ Uyi} for each i ∈ N ′. Then W is a
countable subset of U and
f−1(
⋃V ′) = ⋃W.
Next we show that
A ⊂ St(⋃W,U).
Let x ∈ A. Then there exists a y ∈ B such that
f(x) ∈ Vy and Vy
⋂
(
⋃V ′) 6= ∅.
Since
x ∈ f−1(Vy) ⊂
⋃{U : U ∈ Uy},
we can choose U ∈ Uy with x ∈ U . Then Vy ⊂ f(U). Thus U
⋂
f−1(
⋃V ′).
Hence x ∈ St(f−1(⋃V ′),U). Therefore x ∈ St(⋃W,U), which shows that
A ⊂ St(⋃W,U).
Thus X is nearly set star-Lindelo¨f. 
3.4. Product of spaces. In this subsection, we study about product of set star-
Lindelo¨f and set strongly star-Lindelo¨f spaces with the compact, countably compact
and Lindelo¨f spaces.
We have following corollary from Theorem 3.16.
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Corollary 3.17. If X is a set star-Lindelo¨f space and Y is a compact space, then
X × Y is nearly set star-Lindelo¨f.
It is known that the product of star-Lindelo¨f space and compact space is star-
Lindelo¨f (see [4]).
Problem 3.18. Is the product of set star-Lindelo¨f space and compact space is set
star-Lindelo¨f?
However, the product of two set strongly star-Lindelo¨f spaces need not be set
strongly star-Lindelo¨f. In fact, the following is the well known example showing that
the product of two countably compact (hence, set strongly star-Lindelo¨f) spaces
need not be set star-Lindelo¨f. Here we give the roughly proof for the sake of
completeness.
Example 3.19. There exist two countably compact spaces X and Y such that X×Y
is not set star-Lindelo¨f (hence, not set strongly star-Lindelo¨f).
Proof. Let D(c) be a discrete space of the cardinality c. We can define X =⋃
α<ω1
Eα, Y =
⋃
α<ω1
Fα, where Eα and Fα are the subsets of β(D(c)) which
are defined inductively so as to satisfy the following three conditions:
(1) Eα
⋂
Fβ = D(c) if α 6= β;
(2) |Eα| ≤ c and |Fα| ≤ c;
(3) every infinite subset of Eα (resp., Fα) has an accumulation point in Eα+1 (resp,
Fα+1).
Those sets Eα and Fα are well-defined since every infinite closed set in β(D(c))
has the cardinality 2c (see [16]). Then, X × Y is not set star-Lindelo¨f, and the
diagonal {〈d, d〉 : d ∈ D(c)} is a discrete open and closed subset of X × Y with
the cardinality c. Thus X × Y is not set star-Lindelo¨f, since the open and closed
subsets of set star-Lindelo¨f is set star-Lindelo¨f and the diagonal {〈d, d〉 : d ∈ D(c)}
is not set star-Lindelo¨f. 
Remark 3.20. The Example 3.19, shows that the product of set star-Lindelo¨f space
and countably compact space need not be set star-Lindelo¨f.
van Douwen-Reed-Roscoe-Tree [[4], Example 3.3.3] gave an example of a count-
ably compact X (hence, set star-Lindelo¨f) and a Lindelo¨f space Y such that X×Y
is not strongly star-Lindelo¨f. Now we use this example and show that X ×Y is not
set star-Lindelo¨f.
Example 3.21. There exist a countably compact (hence, set strongly star-Lindelo¨f)
space X and a Lindelo¨f space Y such that X × Y is not set star-Lindelo¨f.
Proof. Let X = [0, ω1) withe usual order topology. Let Y = [0, ω1] with the
following topology. Each point α < ω1 is isolated and a set U containing ω1 is
open if and only if Y \ U is countable. Then, X is countably compact and Y is
Lindelo¨f. It is enough to show that X × Y is not star-Lindelo¨f, since every set
star-Lindelo¨f space is star-Lindelo¨f.
For each α < ω1, Uα = X × {α} is open in X × Y . For each β < ω1, Vβ =
[0, β]× (0, ω1] is open in X×Y . Let U = {Uα : α < ω1}∪{Vβ : β < ω1}. Then U is
an open cover of X ×Y . Let V be any countable subset of U . Since V is countable,
there exists α′ < ω1 such that Uα /∈ V for each α > α′. Also there exists α′′ < ω1
such that Vβ /∈ V for each β > α′′. Let β = sup{α′, α′′}. Then Uβ
⋂
(
⋃V) = ∅ and
SET STAR VERSIONS OF LINDELO¨F SPACES 13
Uβ is the only element containing 〈β, α〉. Thus 〈β, α〉 /∈ St(
⋃V,U), which shows
that X is not star-Lindelo¨f. 
Remark 3.22. The Example 3.21, shows that product of set star-Lindelo¨f space
and a Lindelo¨f space need not be set star-Lindelo¨f.
van Douwen-Reed-Roscoe-Tree [[4], Example 3.3.6] gave an example of Hausdorff
regular Lindelo¨f spaces X and Y such that X×Y is star-Lindelo¨f. Now we use this
example and show that product of two Lindelo¨f spaces is not set star-Lindelo¨f.
Example 3.23. There exist a Hausdorff regular Lindelo¨f spaces X and Y such that
X × Y is not set star-Lindelo¨f.
Proof. Let X = R \ Q have the induced metric topology. Let Y = R with each
point of R\Q is isolated and points of Q having metric neighborhoods. Hence both
spaces X and Y are Hausdorff regular Lindelo¨f spaces and first countable too, so
X × Y Hausdorff regular and first countable. Now we show that X × Y is not set
star-Lindelo¨f. Let A = {(x, x) ∈ X × Y : x ∈ X}. Then A is uncountable closed
and discrete set (see [[4], Example 3.3.6]). For (x, x) ∈ A, Ux = X × {x} is open
subset of X × Y . Then U = {Ux : (x, x) ∈ A} is an open cover of A. Let V be
any countable subset of U . Then there exists (a, a) ∈ A such that (a, a) /∈ ⋃V
and thus (
⋃V)⋂Ua = ∅. But Ua is the only element of U containing (a, a). Thus
(a, a) /∈ St(⋃V,U), which completes the proof. 
4. Acknowledgment
The author would like to thank the Prof. Ljubi˘sa D.R. Koc˘inac for several
comments and valuable suggestions. The author would also like to thank Dr. B.K.
Tyagi for his kind help and support.
References
[1] Arhangel’skii A.V., An external disconnected bicompactum of weight c is inhomogeneous,
Dokl. Akad. Nauk SSSR., 175 (1967), 751-754.
[2] Bonanzinga M., Matveev M.V., Some covering properties for ψ-spaces, Mat. Vensik., 61
(2009), 3-11.
[3] Bonanzinga M., Cammaroto F., Koc˘inac Lj.D.R., Matveev M.V., On weaker forms of
Menger, Rothberger and Hurewicz properties, Mat. Vensik., 61 (2009), 13-23.
[4] Douwen E.K. van., Reed G.K., Roscoe A.W., Tree I.J., Star covering properties, Topology
Appl., 39 (1991), 71-103.
[5] Engelking R., General topology, (PWN, Warszawa, 1977).
[6] Koc˘inac Lj.D.R., Konca S., Set-Menger and related properties, Topology Appl., 275 (2020),
doi:10.1016/j.topol.2019.106996.
[7] Koc˘inac Lj.D.R., Addendum to: “Variations of classical selelction principles: an overview”,
Quaestiones Mathematicae, (2020), In press.
[8] Matveev M.V., A survey on star-covering properties, Topology Atlas, preprint No 330 1998.
[9] Mro´wka S., On completely regular spaces, Fund. math., 41 (1954), 105-106.
[10] Singh S., Remarks on set-Menger and related properties, Topology Appl., 280 (2020),
doi:10.1016/j.topol.2020.107278.
[11] Koc˘inac Lj.D.R., Konca S., Singh S., Set star-Menger and set strongly star-Menger spaces,
preprint.,
[12] Song Y.K., Remarks on star-Menger spaces, Houston J. Math., 40 (2014), 917-925.
[13] Song Y.K., Remarks on neighborhood star-Lindelo¨f spaces, Filomat, 27(1) (2013), 149-155.
[14] Song Y.K., Xuan W.F.,Remarks on new star-selection principles in topology, Topol. Appl.
268 (2019), 106921.
[15] Xuan W.F., Shi W.X., Notes on star Lindelo¨f spaces, Topology Appl., 204 (2016), 63-69.
14 SUMIT SINGH
[16] Walker R.C., The stone-Cˇech compactification, Berlin, 1974.
Department of Mathematics, University of Delhi, New Delhi-110007, India.
E-mail address: sumitkumar405@gmail.com
